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' Abstract 

We outline the the geometry of locally anisotropic (la) superspaces 
and la-supergravity. The approach is backgrounded on the method of 
anholonomic superframes with associated nonlinear connection struc- 
ture. Following the formalism of enveloping algebras and star product 
calculus we propose a model of gauge la-gravity on noncommutative 
Q^' spaces. The corresponding Seiberg-Witten maps are established which 

1^ ■ allow the definition of dynamics for a finite number of gravitational 

gauge field components on noncommutative spaces. 



o 
o 



^ ; 1 Introduction 



Locally anisotropic supergravity was developed as a model of supergravity with 
anholonomic superframes and associated nonlinear connection (N-connection) 
structure [T^ . This model contain as particular cases supersymmetric Kaluza- 



Klein and generalized Lagrange and/or Finsler gravities and for nontrivial cur- 
vatures the N-connection describes splittings from higher to lower dimensions 
of (super) spaces and generic anholonomic local anisotropics. 

In order to avoid the problem of formulation of gauge theories on noncom- 
mutative spaces P, ^, 0] with Lie algebra valued infinitesimal transforma- 
tions and with Lie algebra valued gauge fields the authors of suggested 
to use enveloping algebras of the Lie algebras for setting this type of gauge 
theories and showed that in spite of the fact that such enveloping algebras are 
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infinite-dimensional one can restrict them in a way that it would be a depen- 
dence on the Lie algebra valued parameters and the Lie algebra valued gauge 
fields and their spacetime derivatives only. 

A still presented drawback of noncommutative geometry and physics is that 
there is not yet formulated a generally accepted approach to interactions of 
elementary particles coupled to gravity. There are improved Connes-Lott and 
Chamsedine-Connes models of nocommutative geometry which yielded ac- 
tion functionals typing together the gravitational and Yang-Mills interactions 
and gauge bosons the Higgs sector (see also the approaches IQ and [§). 

In this paper we outline the geometry of locally anisotropoc supergrav- 
ity and follow the method of restricted enveloping algebras p, |^ and con- 
struct gauge gravitational theories by stating corresponding structures with 
semisimple or nonsemisimple Lie algebras and their extensions. We consider 
power series of generators for the affine and non linear realized de Sitter gauge 
groups and compute the coefficient functions of all the higher powers of the 
generators of the gauge group which are functions of the coefficients of the 



first power. Such constructions are based on the Seiberg-Witten map [in] and 



on the formalism of ^-product formulation of the algebra [|T8| when for func- 
tional objects, being functions of commuting variables, there are associated 
some algebraic noncommutative properties encoded in the *-product. The 
concept of gauge gravity theory on noncommutative spaces is introduced in a 
geometric manner [0] by defining the covariant coordinates without speaking 
about derivatives and this formalism was developed for quantum planes [T^ . 
We prove the existence for noncommutative spaces of gauge models of gravity 
which agrees with usual gauge gravity theories |]14| being equivalent, or extend- 
ing, the general relativity theory (see works |]^, |TI| for locally isotropic spaces 



and corresponding reformulations and generalizations respectively for anholo- 
nomic frames |T^ and locally anisotropic (super) spaces |TB|) in the limit of 
commuting spaces. 



2 Locally Anisotropic Supergravity 

Let us consider a vector superbundle (vs-bundle) E over a supermanifold 
(s-manifold)M with surjective projection tte '■ E ^ M (for simplicity, all 
constructions are locally trivial). The local supersymmetric coordinates (s- 
coordinates) on E and M are denoted respectively u = (x, y) = = 
(x^,y^^ , where x = {x^ = (x\x^} are (even, odd) coordinates on M and 

y = {y^ = {y°'iy'^^} (even, odd) coordinates in fibers of tte (indices run 
values defined by even and odd dimensions of corresponding submanifolds) . 
Latin s-indices /, J, K, L, M, ... and A, B, C, D, ... will be used respectively for 
base and fiber components. 

A nonlinear connection (N-connection) structure which defines a global 
decomposition of TE into horizontal, HE, and vertical parts, VE, 

N -.TE = HE®VE. (1) 
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The coefficients of a N-connection Nf {u) determin the locally adapted s-frame 
(basis, in brief la-frame) 

5„ = = (5 1 = 6/6x^ = di- Nf {u) Ob, Oa) , (2) 

where di = d/dx^ , Oa = d/dy^ are partial s-derivatives, and the dual s-frame 

5° = = = Sx^ = dx^, 5^ = 6y^ = dy^ + Nf (u) dx^) . (3) 

The s-frame (0) is anholonomic 

[5 J, 5k} = 5j5k - {-y'^'^SKSj = n^jKdA, 

where \JK\ = \J\-\K\ is defined by the parity of indices and we write (— in- 
stead (— with anholonomy coefficients coinciding with the N-connection 
curvature 

The geometrical objects on E are given with respect to la-basis and 
d^) or their tensor products and called ds-tensors, ds-connections (for some 
additional linear connections), d-spinors and so on. For instance, a metric 
ds-tensor is written 



9 = 9. 



^^S" ^5" = gijd' ® rf^ + gAsS^ ® 5^. (4) 



The Lagrange and Finsler ds-metrics can be modelled on a locally aniso- 
tropic superspace if vs-bundle E over a s-manifold M is substituted by the 
tangent s-bundle TM and the coefficients of ds-metric (^ are taken respec- 
tively 

1 d'Cju) l d^F\u) 
^^^(") = 2W^""^^"^^) = 2 979F 
where the s-Lagrangian C -.TM ^ A is a s-differentiable function on TM, and 
F is a Finsler s-metric function on TM . 

A linear distinguished connection D, d-connection, in sv-bundle E is a, 
linear connection which preserves by parallelism the horizontal (h) and vertical 
(v) distribution (|l|). 

A d-connection DT = {F"^^ = ^L, L, C, }, is determined by its invariant 
hh-, hv-, vh- and vv-components, where 

D(Sk)^j = L^jK {u) 61, D^SK)dB = L'^BK (w) dA, (5) 
D(ac)Sj = C^jc (u) 5i, D(Q^)dB = Cf^c («) ^a- 

There is a canonical d-connection ('^^F defined by the coefficients of d- 
metric (§) and of N-connection and satisfying the metricity condition Dg = 0, 

^""^L^jK = ^9^" {Sk9hj + SjgHK - Sh9jk) , 

^'^L\k = dsNf + hi^"^ {SkHbc - {dBN^)hDc - {dcN^)hDB) , 

^'^C'jc = Ig^'dcgjK. ^'~^C\c = \h'"' {dchoB + S^/^dc - dnhBc) ■ 



The torsion T^^ of a d-connection, T{X,Y) = [X,DY} — [X,Y}, where 
X and Y are ds-vectors and by [...} we denote the s-anticommutator, is de- 
composed into hv-invariant ds-torsions 

hT {6k, Sj) = T'j^5i, vT {6k, h) = f^'j^dj, hT (9a, 6j) = P'jji, 
vT{dB,6j) = P^jbOa, vT{dc,dB) = S%cdA, 

with coefficients 

T^jK = L[j^-{-f''\L^j,j,f^jj, = 6KNf-{~)\^'\6jNl (6) 

The even and odd components of ds-torsions can be specified in exphcit 
form by using decompositions of indices into even and odd parts, / = (z, i), A = 
(a, a) and so on. 

The curvature -R"g^^ of a d-connection, R (X, Y) Z = D^xDyyZ — D^xx}^^ 
where X, Y, Z are ds-vectors, sphts into hv-invariant ds-torsions 

R {Sk, Sj) 5h = R'hjk^i, R {^k, 5j) Ob = R^bjrOa, (7) 
R {dc, Sk) 5j = P'jKcSi, R {dc, 5k) Bb = P^kc 
R {dc, Ob) Sj = S\jj,ch, R {Od, dc) Ob = ^^^cd^a 

where the coefficients are computed 

p7 _ i;Tl _i_rW tI ( \\KJ\ jW tI : tt/A 

MJK — (^[K^ \M\J} + ^ MJ^ WK ~ \) ^ MK^ W J ^ KA^^ JKi 

R^BJK = ^[kL'^bij} + L^bjL\;k ~ (— )''^"^' L'^Qj^L^jj + C^^^^'^jk^ 
^\jBc = ^cC\jB — (— )' QbC^jq + C^jqC^h(j — (— )' C^jfjC^ff^, 

BCD — '-'D^ BC ~ \) '-^C^ BD ~^ ^ BC^ ED ~ \) ^ BD^ EC-: 

R^JKA = (^aL^jk ~ C^JA\K + C^JbR%CA-> 

pA — f) tA _ riA I f^A pD 

BKC ~ '^C-L^ BK BC\K BD^ KC^ 

where, for instance, 

_ r I T I r^M T M r^I T B r^I 

^ JA\K — JA^ ^ MK^ IA~ ^ JK^ MA ~ ^ AK^ JB- 

The even and odd components of ds-curvatures are computed by sphtting 
indices into even and odd parts. 

The torsion and curvature of a d-connection D on a sv-bundle satisfy the 
identities 

J2[{DxT){Y,Z)-R{X,Y)Z + T{T{X,Y),Z)] = 0, 
sc 

J2[iDxR){U,Y,Z)-R{T{X,Y),Z)U] = 0, 
sc 
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where J2sc means super symmetric cychc sums over ds- vectors X, Y, Z and f/, 
from which the generahzed Bianchi and Ricci identities follow [1-3]. 
The Ricci ds-tensor Rp^ = R°'p^a has hv-invariant components 

Rij = R^jjj^, RiA = - ''^^PiA = -{-y^^^P^iKA^ (8) 
Rai = ^^^Pai = P^iBi Pas = '5"^^^' — Sab- 

If a ds-metric (^) is defined on E, we can introduce the supersymmetric 
scalar curvature 

R = g'^^ RqiP = R -\- S, 

where R = g^-^Ru and S = H^^Sab- 

The simplest model of locally anisotropic supergravity (la-supergravity) 
was constructed by postulating a variant of supersymmetric Einstein-Cartan 
theory on LAS-space which in invariant hv-components has the fundamen- 
tal s-field equations 

Rij - UR + S-X)gij = hTjj, ^'^PAi = hTAi, (9) 
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Sab - ^{R + S-X)hAB = hTAB, ^'^PiA = -kiT 



I A, 



and 



where A is the cosmological constant, ki^2 are respective interaction constants 
Tap is the energy-momentum ds-tensor and Q'^p^ is defined by the supersym- 
metric spin-density. 

The bulk of theories of locally isotropic s-gravity are formulated as gauge 
supersymmetric models based on supervielbein formalism. Similar approaches 
to la-supergravity on vs-bundles can be developed by considering arbitrary 
s-frames Bg_{u) = [Bi_{u) , (m)) adapted to the N-connection structure on 

a vs-bundle E = E'^''' over s-manifold M = M^'^ where (m, /) and (ra, k) 
are respective (even, odd) dimensions of s-manifolds. A s-frame Bg_ (u) is 
related with a standard la-frame (0) via transforms 6a = (u) Ba {u) , 

( A- ^ \ 

where s-matrices A^ (m) = ^ a c ] take values into a super Lie group 

GLZi{k) = GL{n,k,A) ® GL{m,l,A) (on superspaces the graded Grass- 
mann algebra with Euclidean topology, denoted by A, substitutes the real and 
complex number fields). 

We denote by LN (^E^ the set of all adapted to N-connection s-frames in 

all points of vs-bundle E and consider the s-bundle of linear adapted s-frames 
on E defined as the principal s-bundle 

CN {e) = (lN (e) ,nL:LN {e) ^ E, GL'^i (A)) , 

for a surjective s-map til- The canonical basis of standard distinguished s- 

generators ^ If = ( ^ ^ J for the super Lie algebra GL^i (A) of the 



/ 



B 



5 



structural s-group GL^'l{h) satisfy s-commutation rules [/^, /^} = fg^"'^^- 
On CN (^E^ we consider the d-connection 1-form 

where 

r% (u) = A^A^V^f,^ + Ap%A%_, (10) 

r"^^ are the components of canonical variant of d-connection (|^) and the s- 
matrix A^^ is inverse to A^. 



The curvature B of the d-connection (|TUp 

Q7r J.^ 



B = 5J^ + T ^J^ = R-anrIf5u' ^5u'' (11) 



has the coefficients R-a-yr = A°'^ (u) A^f (u) R^a-yr^ where R'^a-yr ^^^^ defined by 
ds-curvatures (|^). 

Aside from CN (e^ with vs-bundle E is naturally related another s- 
bundle, the bundle of adapted to N-connection affine s-frames 

AN (e) = (an (e) ,71a: an (e) ^ E, AF^t (A 



with the affine strucural s-group AF^^^ (A) = GL'^^l (A) A"''^ © A"^-'. 

The d-connection J" (|10D in CN (e) induces in a linear Cartan d-connec- 



tion = (JF, x) , in AN yEj , where x = ^a® A^ (u) 6u°', is the standard 
basis in A"''^ © A™'', and, in consequence, the curvature B (pH]) in CN (^E^ 
induces the pair (curvature, torsion) B = {B, T) in {^E^ ,where 

when T^^ = A^T"-^^ is defined by the coefficients of d-torsions (|) . 

By using the ds-metric @) in E one defines the (dual for s-forms) Hodge 
operator *~. Let the operator be inverse to *~ and 5^ be the adjoint to the 

absolute derivation 5 (associated to the scalar product of ds-forms) specified 
for (r,s)-forms 5~ = (—1)'"''''' o5 o *~ 

The supersymmetric variant of the Killing form of the s-group AF^f! (A) is 
degenerate. In order to generate a metric structure qa in the total spaces of the 
s-bundle AN (e) we use and auxiliary nondegenerate bilinear s-form which 

gives rise to the possibility to define the Hodge operator and 6~a- Applying 
the operator of horizontal projection H one defines the operator A = H o 
which does not depend on components of auxiliary biliniar s-form in the fiber. 

Following an abstract geometric calculus, by using operators *~, 6^, S~a 
and A one computers 

AB= {AB,nt + ni), (12) 
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where the one s-forms 



are constructed respectively by using the ds-torsions and Ricci ds-tensors 
i). 

Let us introduce the locally anisotropic supersymmetric matter source J 
constructed by using the same formulas from (0) when instead of Rap is taken 
ki{Tap — \gai3^) — A [gafi — |5'a/3^^) • By Straightforward calculations we can 
proof [3,4] that the Yang-Mills equations 

AB = J (13) 

for d-connection JF = (JF, x) in s-bundle (^E^ , projected on the base s- 

manifold, are equivalent to the Einstein equations (^) on E. We emphasize 
that the equations (0) were introduced in a "pure" geometric manner by 
using operators *,6 and the horizontal projection H but such gauge s-field 
equations are not variational because of degeneration of the Killing s-form. To 
construct a variational gauge like supersymmetric la-supergravitational model 
is possible, for instance, by considering a minimal extension of the gauge s- 
group AF^j! (A) to the de Sitter s-group S"^^' (A) = SO^'l (A) , acting on 
the s-space A^^ © A and formulating a nonlinear version of de Sitter gauge 
s-gravity. 



There are analyzed models of supergravity with generic local anisotropy [|13 
when instead of s-field equations and constraints @ there are considered an 
anholonomic generalization of the Wess-Zumino supergravity and some vari- 
ants induced in low energy limit from superstring theory. The N-connection s- 
field allows us to model generic la-interactions with dynamics and constraints 
induced by nontrivial (not only via toroidal compactifications) from higher 
dimensions and this results in a geometrical unification of the so-called gener- 
alized Finsler-Kaluza-Klein theories. 

3 *— Products and Enveloping Algebras 
in Noncommutative Spaces 

For a noncommutative space the coordinates u\ {i = 1,...,N) satisfy some 
noncommutative relations of type 

{j^Q^j ^ Qij ^ JQ^ canonical structure; 
ifku\ fl^ e E, Lie structure; (14) 
iC]^iU^u\ Cl] G E, quantum plane structure 

where IC denotes the complex number field. 
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The noncommutative space is modeled as the associative algebra of IC; this 
algebra is freely generated by the coordinates modulo ideal TZ generated by 
the relations (one accepts formal power series) Au = IC[[n^, u^]]/7^. One 
restricts attention to algebras having the (so-called, Poincare-BirkhofF- 
Witt) property that any element of Au is defined by its coefficient function 
and vice versa, 

oo 

/ = E fii,...,iL ■ u"' ...u'^ : when / ~ {/J , 

L=0 

where : -u^^ . . . u^^ : denotes that the basis elements satisfy some prescribed 
order (for instance, the normal order ii < ^2 ^ • • • ^ "^l, or, another example, 
are totally symmetric). The algebraic properties are all encoded in the so- 
called diamond (o) product which is defined by 

f9 = h {fi} o {g.^ = {hi} . 

In the mentioned approach to every function f{u) = f{u^, . . . , u^) of com- 
muting variables u^, . . . ,u'^ one associates an element of algebra / when the 
commuting variables are substituted by anticommuting ones, 

oo 
L=0 

when the o-product leads to a bilinear ^-product of functions (see details in 

i) 

{/.} o {9^} = {h^} -U*9) in) = h (n) . 
The ^-product is defined respectively for the cases (|T^ 

-^]f i^)9{u')\u'^u, canonical structure; 
1 exp[^fM*^^fc(i^£7,^Zgf77)]/(M0^(M'0l"'Cn. Lie structure; 
q^^~'^' a^^'d^'^'^d^"' a^^ f {u, v)g{u' , v')\'^',Z^'^ , quantum plane, 

where there are considered values of type 

^iknu" ^ipniu" _ gi{fc„+p„ + ig„{fc,p)}«", 

e^e^ = e^+-^+5[^'^l+ii([^.[^'^l]+[-B:[s,A]]) ^ 

and for the coordinates on quantum (Manin) planes one holds the relation 
uv = qvu. 

A non-abelian gauge theory on a noncommutative space is given by two 
algebraic structures, the algebra Au and a non-abelian Lie algebra Ai of the 
gauge group with generators I^, and the relations 

[I^,P-]=^ffIK (16) 
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In this case both algebras are treated on the same footing and one denotes the 
generating elements of the big algebra by u\ 

# = {n\...,nM\...,/n, 

and the *-product formalism is to be applied for the whole algebra Az when 
there are considered functions of the commuting variables {i,j,k,... = 
1,...,N) and (s,p,... = 1,...,^). 

For instance, in the case of a canonical structure for the space variables 
we have 

{F*G){u)=e'^('''^^^''''('^^'^^^F{u',t')G{u",t") I^/^mCT" • (17) 

This formalism was developed in for general Lie algebras. In this paper we 
shall consider those cases when in the commuting limit one obtains the gauge 
gravity and general relativity theories. 



4 Enveloping Algebras for 

Gravitational Gauge Connections 

To define gauge gravity theories on noncommutative space we first introduce 
gauge fields as elements the algebra Au that form representation of the genera- 
tor /-algebra for the de Sitter gauge group. For commutative spaces it is known 



0, [IT], [T^ that an equivalent reexpression of the Einstein theory as a gauge 
like theory implies, for both locally isotropic and anisotropic spacetimes, the 
nonsemisimplicity of the gauge group, which leads to a nonvariational theory 
in the total space of the bundle of locally adapted affine frames (to this class 
one belong the gauge Poincare theories; on metric-affine and gauge gravity 



models see original results and reviews in []T2[). By using auxililiary biliniear 



forms, instead of degenerated Killing form for the affine structural group, on 
fiber spaces, the gauge models of gravity can be formulated to be variational. 
After projection on the base spacetime, for the so-called Cartan connection 
form, the Yang-Mills equations transforms equivalently into the Einstein equa- 
tions for general relativity 0. A variational gauge gravitational theory can 
be also formulated by using a minimal extension of the affine structural group 
Af^^i (IR) to the de Sitter gauge group 5*10 = SO (4 -|- 1) acting on IR'^^^ space. 
For cimplicity, in this paper we restrict our consideration only with the even 
components of frames, connections and curvatures of gauge la-supergavity 
outlined in previous section. 

Let now consider a noncommutative space. In this case the gauge fields 
are elements of the algebra ip ^ A^"^^ that form the nonlinear representation 
of the de Sitter Lie algebra so(^) (5) when the whole algebra is denoted A['^^\ 
Under a nonlinear de Sitter transformation the elements transform as follows 

Stp = i^ip, -ip eAu,i e A^f^\ 
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So, the action of the generators on is defined as this element is supposed to 
form a nonhnear representation of Wf^^ and, in consequence, 6t/j G Au despite 
7 G A^^^\ It should be emphasized that independent of a representation the 
object 7 takes values in enveloping de Sitter algebra and not in a Lie algebra 
as would be for commuting spaces. The same holds for the connections that 
we introduce (similarly to J^) in order to define covariant coordinates 

The values If^ip transforms covariantly, SU^'ip = ijlf^ip, if and only if 
the connection satisfies the transformation law of the enveloping nonlinear 
realized de Sitter algerba, 

5f> = -^[^i^7]+^[7,n, 

where 61"^ G A^^^\ The enveloping algebra-valued connection has infinitely 
many component fields. Nevertheless, it was shown that all the component 
fields can be induced from a Lie algebra-valued connection by a Seiberg- 
Witten map ([l^, |^, || and for SO{n) and Sp{nj). In this subsection we 
show that similar constructions could be proposed for nonlinear realizations of 
de Sitter algebra when the transformation of the connection is considered 

5r = -^[«V 7] +^[7,* H 

For simplicity, we treat in more detail the canonical case with the star product 
([T7|). The first term in the variation 6r'^ gives 

-^[u^; 7] = r-^7. 

Assuming that the variation of = 9^^Q^ starts with a linear term in 9 we 
have 

Sf'^ = e^^5Q,, 6Q, = ^7 + ^[7,* Q,]- 

We follow the method of calculation from the papers |0, ^ and expand the 
star product ( p!7D in 6 but not in Qa and find to first order in 6, 

7 = ill- + iLl-I- + and Q, = qlj^ + ql^J^fi + ... (18) 

where 7^ and g^^ are of order zero in 6 and 7^^ and are of second order in 
9. The expansion in /- leads to an expansion in ga of the *-product because 
the higher order /—derivatives vanish. For de Sitter case as /- we take the 
generators, see commutators (p!6D, with the corresponding de Sitter structure 

constants ~ (in our further identifications with spacetime objects like 
frames and connections we shall use Greeck indices). 

The result of calculation of variations of ([l^), by using Qa to the order given 
in (|TB|), is 

r 1 'a rbc 1 1 

hlaj, = 5.7|,-^^^5.7i5.<.-2/|{7l<^ + 7|<J- 
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Next we introduce the objects e, taking the values in de Sitter Lie algebra 
and Wf^, being enveloping de Sitter algebra valued, 



e = YJ^ and W, = q'^^^P-P- 
with the variation 5W^ satisfying the equation |0, |^ 



= d.i^lPfi) - ^e-'idrS, dxq,} + t[e, W,] + t[{llPfi). q.]. (19) 

The equation ([T9|) has the solution (found in ||^, |10|) 

7i = lo'-'^idulDql,,, and gj,^ = -i^^g^^ (^.gj,, + i^^^J 

where Rl^^^b = ^rqli^b ~ ^M'?r,6 + f^ll,elli,e cau be identified with the coefficients 
71- fj^^ of de Sitter nonlinear gauge gravity curvature if in the commutative 

The presented procedure can be generalized to all higher powers of 6' . 

5 Noncommutative Gauge Gravity Covariant 
Dynamics 

The constructions from the previous section are summarized by the conclusion 
that the de Sitter algebra valued object e = 7^ (u) I- determines all the terms 
in the enveloping algebra 

7 = llr- + -f^d^ll qi, {PI'- + I'-P) + ... 
and the gauge transformations are defined by 7^ (u) and qj^^biu), when 

S^iij = i7 (7\9i) * V'. 

For de Sitter enveloping algebras one holds the general formula for composi- 
tions of two transformations 

which holds also for the restricted transformations defined by 7^, 
Applying the formula (|T^) we computer 
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Such commutators could be used for definition of tensors 



(20) 



where 6^'^ is respectively stated for the canonical, Lie and quantum plane 
structures. Under the general enveloping algebra one holds the transform 

For instance, the canonical case is characterized by 

= e^^^e-^drQx - d^Qr + Qr*Qx-Qx* Qr}. 

By introducing the gravitational gauge strength (curvature) 

RrX = drQx - dxQr + Qr * Qa " Qa * Qr, (21) 

which could be treated as a noncommutative extension of de Sitter nonlinear 
gauge gravitational curvature one computers 



-RrA.a = Kx^a + ^^^^ {Kf,,aRxu,b " 



9vRlx,b 



where the gauge gravitation covariant derivative is introduced, 

{DuRlx,b) = 9„Rlx,b + Q^,cRlx,df^- 
Following the gauge transformation laws for 7 and we find 

7,* Rlx 



^i^Rlx 



with the restricted form of 7. 

Such formulas were proved in references |T0| for usual gauge (nongravi- 
tational) fields. Here we reconsidered them for gravitational gauge fields. 

Following the nonlinear realization of de Sitter algebra and the ^-formalism 
we can formulate a dynamics of noncommutative spaces. Derivatives can be 
introduced in such a way that one does not obtain new relations for the coor- 
dinates. In this Leibniz rule can be defined |^ that 

K^" = 5; + d^;. n'^ dr 

where the coefficients d'^^ = 5^5J^ are chosen to have not new relations when 
acts again to the right hand side. In consequence one holds the ^-derivative 
formulas 

d 

dr* f = -Q^f + f*dr, 

[di;{f*9)] = mrf])*9 + f*i[di;9]) 
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and the Stokes theorem J[di,f] = J d^u[di,* f] 
the canonical structure, the integral is defined, 



/ d^uSjf = 0, where, for 



/ = 

An action can be introducec 
tensor of type (^), when6L = i 



W 



d^u 



N 



by using such integrals. For instance, for a 
7, L , we can define a gauge invariant action 



d^uTrL, 5iy = 0, 



were the trace has to be taken for the group generators. 

For the nonhnear de Sitter gauge gravity a proper action is 



where Rr\ is defined by the even part of (0). In this case the dynamic of 
noncommutative space is entirely formulated in the framework of quantum 
field theory of gauge fields. The method works for matter fields as well to 



I)- 



restrictions to the general relativity theory (see references [|TT, 
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